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On a conjecture of Montgomery- Vaughan 
on extreme values of automorphic L-functions at 1 
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Abstract. In this paper, we prove a weaker form of a conjecture of Montgomery- 
Vaughan on extreme values of automorphic L-functions at 1. 
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'^ ! § 1. Introduction 

^ ■ The automorphic L-functions constitute a powerful tool for studying arithmetic, algebraic 

^ , or geometric objects. For squarefree integer N and even integer k, denote by H^(iV) the set of 

is^ \ all newforms of level N and of weight k. It is known that 

^' (1-1) \Rl{N)\^^v{N)+0{{kNf'^), 

where ^p{N) is the Eulcr function and the implied constant is absolute. Let ?ti J^ 1 be an integer 
and let L(s,sym™/) be the mth symmetric power L-function of / e HJ!(Af) normalised so that 
the critical strip is given by < Sfte s < 1. The values of these functions at the edge of the critical 
strip contain information of great interest. For example, Serre [18] showed that the Sato- Tate 
conjecture is equivalent to L(l + ir, sym™/) ^ for all m G N and r G K. The distribution of 
the values L(l, sym™/) has received attention of many authors, including Goldfeld, Hoffstein & 
Lieman [2], Hoffstein & Lockhart [7], Luo [12], Royer [14, 15], Royer & Wu [16, 17], Cogdell & 
Michel [1], Habsieger & Royer [5] and Lau & Wu [10, 11]. In particular, Lau & Wu ([10], [11]) 
proved the following results: 

(i) For every fixed integer to ^ 1, there are four positive constants A^-^ and B^^ such that 
for any newform / G H^(l), under the Great Riemann Hypothesis (GRH) for _L(s,sym'"/), we 
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have, for fc ^ oo, 

(1.2) {l + o(l)}(2B„log2fc)-^^ <L(l,sym"/)s^{l + o(l)}(2i?+log2fc)^". 

Here (and in the sequel) log. denotes the j-fold iterated logarithm. For most values of m, the 
constants A^ and _B^ can be explicitly evaluated, for example, 



A-^ = m+l, 


Bt. 


= e^ 


(me N) 


^„ = m+ 1, 


Bm 


-e-'C(2)-i 


(odd to) 


A^ = 1, 


B2 


= e^C(2)-^ 




^4—4' 


BI 


= e'^B'4-, 





where C(s) is the Riemann zeta-function, 7 denotes the Euler constant and B^ is a positive 
constant given by a rather complicated Euler product ([10], Theorem 3). 

(ii) In the opposite direction, it was shown unconditionally that for m G {1,2,3,4} there 
are newforms f^ E H^(l) such that for /c ^ 00 ([10], Theorem 2), 

rL(l,sym'"/+)^{l + o(l)}(i?+log2fc)^", 
U(l,sym'"/„)s^{l + o(l)}(S„log2fc)-4™. 

(iii) In the aim of removing GRH and closing up the gap coming from the factor 2 in (1.2) 
(comparing it with (1.3)), an almost all result was established. Let e > be an arbitrarily 
small positive number, m G {1, 2, 3, 4} and 2 | k. Then there is a subset E^ of H^(l) such that 
|E*| < H*(l)e-(i°s'=)'^'"' and for each / G H*(1)\E*, we have, for A: ^ 00, 

(1.4) {l + 0(e,)}(i?„log2fc)-4™ s^L(l,sym"/)s=:{l + 0(efe)}(B+log2fc)-4^, 

where Sk '■— {\ogk)^^ and the implied constants depend on e only ([11], Corollary 2). 

By comparing (1.3) with (1.4), the extreme values of L(l,sym™/) seem to be given by 
(1.3). Clearly it is interesting to investigate further the size of exceptional set E^. In the 
case of quadratic characters L-functions, Montgomery & Vaughan [13] proposed, based on a 
probabilistic model, three conjectures on the size of exceptional set. The first one has been 
proved recently by Granville & Soundararajan [4]. As Cogdell & Michel indicated in [1], it 
would be interesting to try to get, as close as possible, the analogues of the conjectures of 
Montgomery- Vaughan for automorphic L-functions. The analogue of Montgomery- Vaughan's 
first conjecture for the automorphic symmetric power L-functions can be stated as follows. 

Conjecture. Let m ^ 1 be a fixed integer and 

/GH*(1), L{l,sym"^f)^{B+ty 



J+-^^A + 






G,,Mym™):^p^ ^ 



1 

/eH*(l), L(l,sym'"/)s:(i3-t)- 

Then there are positive constants a = Ci{m) {i = 1, 2) sucii that for k -^ 00, 
g-ci(iogfe)/iog2fe ^ Ffc(log2A:,sym'") < f,-c2iiogk)/\og^k ^ 

(1-5) : 

g-ci(iog*;)/iog2fe ^ Gfc(log2A:,sym'") < e-c2(iogfe)/iog2fc^ 
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The aim of this paper is to prove a weaker form of this conjecture for tti = 1. In this case, 
we write, for simphfication of notation, 

L(s,/)-L(s,symV), Ffc(t) = ^^(t, sym^), Gfe(t) - Gfe(t, sym^). 

In view of the trace formula of Petersson ([8], Theorem 3.6), it is more convenient to consider 
the weighted arithmetic distribution function. As usual, denote by 



'^Z 



r(fc-i) 

(47r)fe-i||/| 



the harmonic weight in modular forms theory and define the weighted arithmetic distribution 
functions 

G,(t):=( Y. ^/) ' E ^Z- 

/eH*(l) /eH-(l), L(l,/)sS(67r-2eTt)-2 

By using (1.1), the classical estimate 

(1.6) Y. ^/ = l + 0(fc-'V6) 

/6H-(1) 

and the bound of Goldfeld, Hoffstein & Licman [2]: 

(1.7) l/(/clog/c)<w/< (log/c)//c, 
we easily see that 

f h it)/ log k « Fk it) « Fk (t) log k, 
1 Gfe(t)/ log fc « Gfe(t) « Gfe(t) log fc. 

This shows that in order to prove (1.5) it is sufhcient to establish corresponding estimates of 
the same quality for Fk (t) and Gk (t) . 

Our main result is the following one. 

Theorem 1. For any A^ 1 there are two positive constants c — c{A) and C = C{A) such that 
the estimate 

(1.9) Fk{t) = {1 + Afc(t)} exp j - ^^ (^ + *^(i 

holds uniformly for k ^ 16,2 \ k and t ^ T{k), where 70 is given by (1-24) below, \6\ ^ 1 and 

f A/c(i) :- 0e*-^W-C(t/r(fc))i/2 + 0^(e— '^'^ + (logfc)-^), 

1 T{k) := log2 fc - I log3 k - log4 k - 3G. 
In particular there are two positive constants c\ and C2 such that 
n.ll) g-ci(iogfc)/{(iog2fc)^/^iog3fc} ^ Fk(T(k)) <C e^'^^''°s'^'/"f''°^2fe)^''^iog3fc}_ 

Tiie similar estimates for Gk{t) and Gk{T{k)) hold also. 
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Remark 1. The estimates (1.11) of Theorem 1 can be considered as a weaker form of 
Montgomery- Vaughan's conjecture (1.5) for m = I, since T{k) ^ log2 fc as fc ^ oo. Moreover, 
if we could take T{k) — log2 k in (1.11) then (1.9) would lead to the Montgomery- Vaughan's 
conjecture (1.5). Hence we fail from a shift 

5 

- logg k + log4 k + 3C. 

It seems however to be rather difficult to resolve completely this conjecture. One of the main 
difficulties is that there are no analogues of the quadratic reciprocity law and Graham- Ringrose's 
estimates for short characters sums of friable moduli [3] , which have been exploited by Granville 
& Soundararajan [4]. 

In order to prove Theorem 1, we need to introduce a probabilistic model as in [1]. Consider 
a probability space (fi, /i), with measure /i. Let SU(2)^ be the set of conjugacy classes of SU(2). 
The group SU(2) is endowed with its Haar measure /in and 

is endowed with the Sato- Tate measure d/ist(^) := (2/7r) sin 9d9, i.e., the direct image of /in 
by the canonical projection SU(2) -^ SU(2)\ On the space {fl,n), define a sequence indexed by 
the prime numbers, g^{uj) — {gp{o-')}p of random matrices taking values in SU(2) , given by 

Q-i-Spi.^) 



5^(^) 



We assume that each function g^{Lj) is distributed according to the Sato- Tate measure. This 
means that, for each integrable function : SU(2) -^ M, the expected value oi (jyo g^ is 

Moreover, we assume that the sequence g\uj) is made of independent random variables. This 
means that, for any sequence of integrable functions {Gp : SU(2)^ -^ R}p, we have 



(1.12) e( n Gp o gl) :=/■[] Gp o glic.) df,{uj) 

= llJ^^GpOgl{co)df,{c,) 



^lo^'ii ^0 e-^ ) ) • (^Z'^) '^"' ^ "^^^ 



Let / be the identity matrix. Then for SRe s > ^ , the random Eulcr product 

L{s,g\u;)) := l[dct {l - p-^gHu;))-' =: [] ip(5, .9^^)) 
P p 

turns out to be absolutely convergent a.s. 

Now we define our probabilistic distribution functions 

(<i>{t):=Proh{{L{l,g\-))^(enr}), 

{ ^{t) :- Proh{{L{l,g\-)) ^ {67r-^en)-^}) . 

We shall prove Theorem 1 in two steps. The first one is to compare Fk{t) with (f>(t) (resp. 
Gk{t) with *(t)). 
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Theorem 2. For any A^ I there are two positive constants c = c{A) and C — C{A) such that 
the asymptotic formulas 

(1.13) Ffe(i) = $(t){l + Afe(i)} and Gfe(i) - *(t){l + Afc(t)} 

hold uniformly for fc ^ 16, 2 | fc and t ^ T{k), where Ak{t) and T{k) are defined by (1.10). 

The second step of the proof of Theorem 1 is the evaluation of <I>(t) (resp. ^(t))- For this, 
we consider a truncated random Euler product 

Lis,g^iu;);y):=Y[L,is,g\u;)) 

and the corresponding distribution functions 

r ^t,y) := Prob({i(l,gH^);y) ^ (e^i)'}), 

\ ^{t,y) :- Prob({L(l,.gH^);y) < {67:-^en)-^}) . 

We have 

(1.14) $(t) = $(i,oo) and *(t) = *(t, oo). 

We shall use the saddle-point method (introducted by Hildebrand & Tenenbaum [6]) to 
evaluate $(i, y) and ^(i, y). For this, we need to introduce some notation. For s G C and y ^ 2, 
define 

(1.15) E{s,y):=E{L{l,g\Lo);yy) and E{s) -.^ E{s,cx,), 
where E(-) denotes the expected value. We define also 

(1-16) ^{s,y) -.^ log E{s,y), ^^(s,y) := --^{s,y) (n ^ 0). 

According to Lemmas 2.3 and 8.1 below, there is an absolute constant c ^ 2 such that for 
t ^ 41ogc and y ^ ce*, the equation 

(1.17) 0i(«,y)-2(logi + 7) 

has a unique positive solution k = K{t,y) and for each integer J ^ 1, there are computable 
constants 70 , 71 , . . . , 7j such that the asymptotic formula 

(1.18) 4t.y) = e - ■ " " ■ - '*' 






2/ logy 



holds uniformly for t ^ 1 and y ^ 2e*, the constant 70 beign given by (1.24) below. 
Finally write ct„ :— (pniK, y). 
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Theorem 3. We have 



Ht,y)^ 



E{k,v) 



l + ^'l 



uniformly for t ^ I and y ^ 2e*. 

Theorem 4. For each integer J ^ 1, we have 



(1.19) 



$(i,y) =exp<^ -K 



-(Ic 



uniformly for t ^ 1 and y ^ 2e*, where the error term Rj{k, y) is given by 



(1.20) 
and 
(1.21) 
with 

(1.22) 



Rj{i^,y) := 



1 



(logK)'^+i y\ogy 
' (logu)"' du 



log( - / e^^^^^'sin^e'de 



/i(m) := 



if =^ ?i < 1, 



log 



2 /"^ 



^2u COS f^*.^^2 , 



sin-'e'de -2u if M^ 1. 



As a corollary of Theorem 4, we can obtain an asymptotic developpment for log$(t,y) 
in t^^. In particular we see that the probabilistic distribution function $(i) decays double 
exponentially as t ^ oo. 

Corollary 5. For each integer J ^ 1, there are computable constants a*, . . . , a} such that the 
asymptotic formula 



(1.23) 



$(t,y) = exp<^ -e 



r ./ 



J — 10 



j:^ + Oj{Rj{e^y)) 



holds uniformly for t ^ 1 and y ^ 2e*. Further we have 
1 p h'{u) 



(1.24) 



70 



70^ 



du, al := 1, a2 := 70 - ^ - , 

2 Jq u 2 Jq u 



— ^(logu)du. 



In particular for each integer J ^ I, we have 
(1.25) $(t) = exp I - e*-'^° 

uniformly for t ^ 1. 



tho-ij^ 



i=i 
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Remark 2. (i) The same results hold also for 'i'(t,y). 

(ii) Taking t ~ log2 A: and J = 1 in (1.25) of Corollary 5, we see that the probabilistic 
distribution function (f>(t) (rcsp. ^(t)) verifies Montgomery- Vaughan's conjecture (1.5). But 
(1.13) is too weak to derive this conjecture for Fk{t) (resp. Gk(t)). This means that we must 
take T{k) = log2 k in Theorem 2, which seems be rather difficult. 

(iii) Our method can be generalized (with a little extra effort) to prove that Theorems 1 
and 2 hold for L(l, sym™/) ioi m ^ I (unconditionally when m = 1,2,3,4 and under Cogdell- 
Michel's hypothesis Sym'"(/) and LSZ™(1) [1] when m ^ 5) and that Theorems 3, 4 and 
Corollary 5 are true for L{1, syra"^ g''^{uj); y) when ?n ^ 1. 

Acknowledgements. We began working on this paper in November 2004 during the visit of 
the first author to I'lnstitut Elie Cartan de Nancy, and finished in January 2006 when the third 
author visited School of Mathematics and System Sciences of Shandong University. We are 
indebted to both institutions for invitations and support. The second and third authors want to 
thank the CRM at Montreal for its invitation. Finally we would express our sincere gratitude 
to Y.-K. Lau of the University of Hong Kong for valuable discussion. 

§ 2. Expression of E{s,y) and existence of saddle-point 

The aim of this section is to prove the existence of the saddle-point K(t, y), defined by 
equation (1.17). The first step is to give an explicite expression oi E{s,y), which is (1.24) of [1]. 
For the convenience of readers, we state it here as a lemma. 

Lemma 2.1. For prime p, real 9 and complex number s, we define 

(2.1) Dp{0):= T\ (l-e*(i-2j)ep-i^-i ^^j Ep(s) ■.^- j Dp{9Y sm^ OdO. 

Then for all s E C and y ^ 2, we have 

(2.2) E{s,y) = l[Ep{s). 



Proof Taking 



I 1 otherwise 



in (1.12), we get 

E{L{s\g\cjy,yr) ^ 1[e{Ms' , gl{cj)r) 

= n f dct{l-p-^'glicj)y'd^,icj) 

= Y[- f {i-2p-'' cose + p-^'')~"sin'^ede. 

P<y ^ •'^ 
Taking s' = 1 and noticing (1.15) and (2.1), we get the desired result. D 
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Lemma 2.2. For all p and ct > 0, we have 

E';{a)E^{a) - E'^iaf >Q. 

In particular for all a > and y ^ 2, we have 02 (c, y) > 0. 
Proof. By using the definition (2.1) of Ep{<T), it is easy to see tliat 

E'^{<j)Ep{a)~E'p{af^^[ Dp{9Y \og^ Dp{9) sin' 9 AB ( Dp{9Ysin'9d9 

"" Jo Jo 

- / Dp{9y log Dp{9) sin' 9 d9\ 

Dp{9^Y Dp{92r {log' Dp{9^) -\ogDp{9^)\ogDp{92))x 



'0 ^0 

X sin'9is\n'92d9id92. 

In view of the symmetry in 9i and 92, the same formula holds if we exchange the roles of 9i and 
62- Thus it follows that 

E;{a)Ep{a) - E'^{af ^^ff Dp{9,Y Dp{92r V (frlj) ^'^^ ^1 ^i^' ^2 d^i d^2. 

This proves the first assertion and the second follows immediately. D 

Lemma 2.3. There is an absolute constant c ^ 2 such that for t ^ 41ogc and y ^ ce*, the 
equation (j)i{a,y) = 2(logt + 7) has a unique positive solution in a. Denoting by K,{t,y) this 
solution, we have n{t, y) x e* uniformly for t^ A logc and y ^ ce*. 

Proof. According to Lemma 4.3 below with the choice of J = 1, we have 

<^i (a, y) = 2(log2 CT + 7) + 0(1/ log a) 



for y ^ cr ^ 2. Thus 



(/)(ce* , 2/) = 2 log(i + log c) + 27 + O ' 



and 



f + log c 
> 21ogi + 27 



(c-ie*,y) = 21og(t- logc) + 27 + 0' 



t — log c 
<21ogt + 27, 

provided that c is a large constant and t ^ 4 logc. On the other hand, in view of Lemma 2.2, we 
know that for any y ^ 2, (j)i{a,y) is an increasing function of a in (0, 00). Hence the equation 
(f)i{a,y) = 2(logt + 7) has a unique positive solution K{t,y) and c^^e* ^ K{t,y) ^ ce* for 
t ^ 4 logc and y ^ ce*. This completes the proof. D 
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§ 3. Preliminary lemmas 

This section is devoted to establish some preliminary lemmas, which will be useful later. 
Lemma 3.1. Let j ^ be a fixed real number. Then we have 

(3.1) / e2"™^''(l-cos0)^sin2 6'd0Xj e2«M-(j'+3/2) (w ^ 1). 



JO 

The imphed constant depends on j only. 
Proof. First we write 

g2«cose^^ - cos6')^sin2 6'd0 = / (e2«™^^(l - cos 9y + e~~^'"'°''\l + cos Oy) sin2 6'd6' 

Jo 

(e2"*(l - ty + e-2"*(i + ty) (1 - i2)i/2 dt 



e2"*(l-ty+i/2dt+ f e-2«*(l_t)i/2dt. 
Jo 

By the change of variables -^(1 — t) = w, it follows that 

e2"*(l - t)J+V2 dt =. e2«M-(j+3/2) /" e-2"vJ+i/2 d„ 



1 .1 

e-2"*(l-i)i/2dt^ / e-2«*dt<u-^ 

^0 

We obtain the desired result by insertion of these estimates into the preceeding relation. D 

Lemma 3.2. Let j ^ be an integer and 



(3.2) 



Ep,{a):=- f Dp{ef {1- cos eysin^ede. 

T^ Jo 



(In particular Epfila) — Ep{a).) Then we have 



2J+3 /.I 



/o 



1\" 4m 

1-- + — 

Pj P . 



— cr 



,^■ + 1/2(1 -«)l/2dM 



and the estimate 

(3.3) Ep.,{a)/Ep{a) « {p/ay 

holds uniformly for all primes p and a > 0. Further if p ^ a ^ 0, we have 

(3.4) Ep{a) X 1. 

The implied constant in (3.3) depends on j only and the one in (3.4) is absolute. 

Proof. By the change of variables u = sin (0/2), a simple computation shows that the first 
assertion is true. Obviously (3.3) holds for j = 0. 



10 



J.-Y. Liu, E. Royer & J. Wu 



Now assume that it is true for j. An integration by parts leads to 



J /•! r 



£,(.) », (^) I 



1\ 4m 

1-- + — 

Pj P . 



.^■ + 1/2(1 -^i)l/2d« 



>7 



1 /•! 



PJ Jo 



Au 



4cr 



p 2(1-1*) 



l-i)M^ 
PJ P . 



,J + l+l/2(l_y)l/2dy. 



On the other hand, we have 



<u < 1 ^ 1 



1 



4?i 



Act 



PJ P 

Inserting it into the preceeding estimate, we see that 



1 / 1\ "4cr 16cr 

p 2(1 — u) '^ \ p J p '^ 9p 



Epia) >j 



1 



Au 



i-'"+l + l/2(l_u)l/2du 



Pj Jo [\ 

-j ^p,J+lM- 

Thus (3.3) holds also for j + 1. 

Since (1 + 1/^)^2 ^ j^^f^g-^ ^ (l-l/p)-2 for aU primes p and any ^ e M, we have Dp(6')'^ x 1 
uniformly for p ^ a ^ and G M. This implies (3.4). D 

Introduce the function 

'2 r 



(3.5) 



g{u) :=logf - / 



„2Mcosfl „• 2 



sin^ e d9 



(u^O) 



and let h{u) be defined as in (1.22). Clearly we have 

g{u) if < u < 1, 



(3.6) 

(3.7) 

(3.8) 

Lemma 3.3. Wc have 

(3.9) 

(3.10) 

(3.11) 

(3.12) 



h{u) = 



g{u) — 2m if u ^ 1, 



(g'{u) if 0^u<l, 

h (u) — < 

\g'{u)-2 if u^l, 

h"{u) = g"{u) {u-^Q,u^ 1). 



/z(w) 

h'{u) 

h"{u) 

h"'{u) 



u^ if ^u < 1, 

log(2u) if u^l, 

u if ^ M < 1, 

u^^ if u ^ 1, 

1 if s; M < 1, 

u^^ if u^ 1, 

u if ^ M < 1, 



,-3 



if u>\. 
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Proof. When ^ m < 1, we have 

2«cose_ V- (u cos 61)" 



e 

n=0 



E 

From this we deduce that 

(3.13) /i(u) == log - V — / (cos0)"sin2 0d6' 



n=0 

oo 

■ / / ■ / // IMF 

2£ 



V ^ (2^)1(2^ + 2)!! 



u 



where we have used the following facts: 



f (cos 61)2^+1 sin^ 6* d6l = 
Jo 



- (cos9f^sm^9de= I (2£-l 





if 


£ = 0, 


(2£-l)!! 
(2^+2)!! 


if 


£^ 1 



and 



and where nil denotes the product of all positive integer from 1 to n having same parity than 
n. Now we easily deduce, from (3.13), the desired results (3.9)-(3.12) in the case of ^ m < 1. 
The estimates of (3.9)-(3.12) for w > 1 are simple consequences of (3.1), by noticing the 
following relations 






e 





2«cos0gj^2g,^^ 



f e2"'=°''«(l-cos6l)2sin2 6id6l ( f e2«=°''^(l - cosg) sin^ 6ld6i^ 



g2«cos0gjj^2g,j^ 



V 



g2ucos0gj^2g,j^ 



This completes the proof. D 

§ 4. Estimates of </)„ (cr, y) 

The aim of this section is to prove some estimates of (/)„((T, y) for n = 0, 1, 2, 3, 4. 
Lemma 4.1. For any fixed integer J ^ 1, we have 

( '^ b 

(4.1) ^^(^a,y)^a}^2\og,a + 2j + Y,j^^ + Oj{Rji<J,y)) 

uniformly for y ^ a ^ 3, where Rj{cf, y) is defined as in (1-20) and 

(4.2) b,.o:= r ^{loguy-^ du. 



^0 
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Proof. By the definition (2.1) of Dp{9) and the one of Ep{a), it is easy to see that for p ^ ct^'^, 
we have 

(4.3) L'p(6')'^=e2('^/P)=°«»<jl + C'(-^' 

(4.4) Ep{<j) = l^l + o(^)\^ re2Wp)cosegi^2^^^_ 
From these, we deduce that 

(4.5) J2 ^°SEpia)= J2 9i^/p) + Oia'/'/\oga) 

where g{u) is defined as in (3.5). 

In order to treat the sum over p ^ a, we write 

Ep{a) = {l-l/p)-'-E;{a), 

where 

.;,,.^"|,.H<i_^(,_i)-y%>... 

By using the change of variables u = sin^(0/2), we have 

E;{a)^- r ll + -(l--^ sin2(0/2)| sin2(0/2) cos2(0/2) d^ 

^^fl + ^J / Vw(l - ") du 

' \ 3/2 

where C > is a constant. On the other hand, we have trivially E*{a) ^ 1 for all p and cr > 0. 
Thus I log£^*(cr)| < log(o-/p) for p ^ ct^/^ and 

(4.6) ^ I log i?; (a) I « Y. logWp) « '^'Z'- 

Combining (4.5) and (4.6), wc can write 

^logi?,(a) = 2a Y. log(l - 1/p)-' + E dio Iv) + 0{a^l^). 

V^y p^crl/2 crl/2<p^y 

In view of (3.6) and the following estimate 

Y (2alog(l-l/p)-i-2cT/p) < Y cr//<cri/VlogCT, 

crl/2<p^CT crl/2<p^<T 

the preceeding estimate can be written as 

(4.7) Y^ogEp{a)^2<jY^ogil~l/p)-'+ ^ Ha/p) + 0{a^/'). 
p^y p^<^ <t1/2<p^j, 
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By using the prime number theorem in the form 



(4.8) 

it follows that 
(4.9) 

where 






v£<„ VP^ J^^ 



(jl/2 <p^y 



y h{(j/t) 

logt 



dt + 0(i?o), 



Ro -^ h\ - \ye 






_ 1/2 

-2A/losi 1. , 2 



^^°s^ + /i(cri/2)^i/2g-4VI^_^ ^ (cr/t)|/t'(aA)|e-^Vi°s*dt 



°^'dd, + (j' 



t2 



■dt 



< ere 



-^/logCT 



by use of Lemma 3.3. 

In order to evaluate the integral of (4.9), we use the change of variables u = a/t to write 



h{(7/t) 

logt 



dt = cr 



h{u) 



aly u2 1og(cr/u) 



du 



j-i/2 u"^log(cr/M) ^ ^ 



where 



i?^:=.r JM_d. + . 



u2 log(cr/u) 
2 rrl/2 



,-1/2 



IM«)I 



u2 log(cr/M) 



d?i 



< 



y log y log cr 
On the other hand, we have 



h{u) 



■ Au 



1 



,1/2 



h{u) 



^-1/2 u21og(cr/u) logo- 7^-1/2 u2(l _ (logu)/logo-) 

J ^ „^l/2 



du 



j=i 



(log(T)J 7^-1/2 U2 



(^^^"^^"^'^"^^((k^ 



Extending the interval of integration \a ^"^ cr^"] ^q (0,oo) and bounding the contributions of 
(0,(7^^/2] and [(7^/2 oo) by using (3.9) of Lemma 3.3, we have 



j-l/2 U 

Combining these estimates, we find that 



^(logu)^ Mu^ 6^-0 + 0'^ 



.1/2 



(4.10) 



E ^f^)-4E7T:^ + o.(i?,;(.,y)) 



^1/2 <:^'p^y 



ti (log'^) 
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Now the desired result follows from (4.7), (4.10) and the prime number theorem in the form 
(4.11) Y. l°g(l - 1/p)"' - log2 ^ + 7 + 0{e-^V^^] 

This completes the proof. 

Remark 3. In view of (1.3), we can write (4.1) as 

./ 



D 



(/)o(a,y) =a<^ log(B+loga)^i +J2 



Ojfl 



1 (logcr) 



+ Oj{Rj{a,y)) 



uniformly for y ^ a ^ 3. In the case ct < 0, a similar asymptotic formula (with A^ , B^ and 
corresponding BJq in place of A^ , BJ^ and fej.o) can be established uniformly for y ^ —a ^ 3. As 
indicated in the introduction. Lemma 4.1 can be easily generalised to the general case m ^ 1. 
Thus we give an improvement and generalisation of Corollaries A and C of [15], of Theorem B 
of [5], and an improvement of Theorem 1.12 of [1]. It is worthy to indicate that our method 
seems to be simpler and more natural. 



Lemma 4.2. We have 



(4.12) 






logDp{0) + O 



= < 



i.,'g)lo,Z,,(0, + 0(l + i 



for all p and cr > 0, 

if p ^ a^l\ 



where g{u) is defined as in (3.5). 
Proof. First we write 



(4.13) 



E'p{a)^- [ Dp{ey log Dp{9)sm^ed9 
^Ep{a) log Dp{0) + R', 



where 










(4.14) 


«':^f/W.o«(^j^;).n^.d. 


Since 






1 fDp{e)\ 


= 


, / , 2p(l-cos0)\ 


^ 2p{l-cos9) ^ 8(1 -cos 6*) 

"^ (p-l)2 ■" p 



it follows from (3.3) of Lemma 3.2 with j = 1 that 



R' ^^ EpAi) ^^ 1 



Ep{a) pEp{a) a 
for all p and cr > 0. This implies, via (4.13), the first estimate of (4.12). 

iogDp{e)^{cose){2/p) + o{i/p^) 

= {cose)logDp{{)) + Oil/p"). 



We have 
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Inserting it and (4.3) into the first relation of (4.13) and in view of (4.4), we can write, for 

ii;;(^) = |l + 0('4)}^ re'("/^'™^'|(cos0)log2?p(O) + o('4Hsin2 0d0 
From this and (4.4), we deduce 



which implies the second estimate of (4.12). This completes the proof. D 

Lemma 4.3. Let J > 1 be a fixed integer. Then we have 

■t ^ 
M'^.y) - 21og2 ^ + 27 + ;^ -^^^ + Oj{Rj{a,y)) 

uniformly for y ^ a ^ 3, where the constant bj^i is given hy 

(4.15) bj.i:= —^{loguy-^u 

Jo " 

and Rj(a-, y) is dehned as in (1.20). 

Proof. We have 

0i(a,y) = ^ii;;(a)/ii;p(a). 

Using the first relation of (4.12) for p ^ a^^^ and the second for a^^^ < p ^ y, we obtain 
01 (^,y)- E iog^p(o) + J E 9'(-)^ogD,{0) + o(^ 






In view of (3.7), the preceeding formula can be written as 



sPj \ PJ \ (T^/'^ 



-1 



(4.16) M'^,y) = J2^ogDp{0)+ E h'(-)\og(l--] +0^ ^ 



Similarly to (4.10), we can prove that 



-1 J 



(4.7) z '■'(7)'°<'-;)"^Sii^+o.'(^^(-.!')). 

using (3.10), (3.11) and (4.11) instead of (3.9), (3.10) and (4.8). Now the desired resuh follows 
from (4.16), (4.10) and (4.17). D 
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Lemma 4.4. We have 

o(\) if p^a'/^, 



(4.18) m-)Ep{^) - K(-r ' '-' 



"''''' 'i."r-Vorn.in|i,Ln if.>.V. 



P \P J \ y (J P (Jp 

where g{u) is deGned as in (3.5). 
Proof. First we write 

(4.19) E'^ia) = - f Dp{9Y log^ Dp{9) sin^ 9 d9 

"^ Jo 

^ Ep{a)\og'' Dj,{Q) + R" , 

where 

R" := - / Dp{9Y ( log2 Dp{9) - log^ I^pCO)) sin^ 9 &9 

Using (4.13) and (4.19), we can deduce 

E';{a)Ep{a)^E'p{af _R"-2R'\ogDp{Q) (R' 



Ep{aY Epicj) \Ep{cj) 

where R' is defined as in (4.14). 

From the definitions of R' and i?", a simple calculation shows that 

2 Tn .m.1.„2^^p(^)^,,„2^d0. 



i?"-2i?'logD„(0) = - / i:'„(6i)'^log- 



Dp{Q) 
Since 

.2^^p(^)A_, 2 A , 2p(l-COS0)\ 4(1-COS0)2 /(1-COS0)2 



we have 

R" - 2R'\ogDp{0) = ^Ep,2{<7) + o(^i^ 

where Epj{a) is defined as in (3.2). By using (3.3) with the choice of j = 2 and the trivial 
estimate Ep,2{<T) ^ 4_Ep(cr), we deduce 

Ep{a) p^ Ep{a) \ [a^p p-^ 

Similarly we have 

log f #1) - l°g fl + ^f-^) -^^^^^^ + O f ^^^^ 

\Dp{Q)j V (p-^r J p V p 

and therefore 



2 , , fE.„i(a)\ 
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Now (3.3) with j — I and the trivial estimate Ep^i{cr) ^ 2Ep{a) imply 

Ep{a)) P^Epia) ) ^"^{p^E^iar 



(4-22) UwTT =7^H^^ +0 



4 fEp.,{a)Y , ^/ ^ r 1 1 



O 



mm 



p^ \ E.p{a) J \ Icr^p' P^ 

Inserting (4.21) and (4.22) into (4.20) and in view of (4.14), we deduce 



E';{a) Ep{a)-E'^{af 4 / . / 1 1 



(4-23) '' ^A, '' - -aK{^) + o( ^^\-r^, -3 



for all p and ct > 0, where 



h^^^y.EpAa) fEp,,{ay' 



Ep{a) V Ep{a) 

When p ^ cr^/^, the inequality (3.3) of Lemma 3.2 implies that hp{(7) ^ (p/a)^. From this 
and (4.23) we deduce the first estimate of (4.18). 

If p ^ a^^^, we can use (4.3), (3.11) and (3.8) to write 



4M-) = .9"(j)|i + o(J 



5"(j)+o(min|^,i 



Inserting it into (4.23) and in view of Lemma 3.1, we get, for p ^ cr^". 

This completes the proof. D 

Lemma 4.5. Let J ^ 1 be a fixed integer. Then we have 



CTl^(logcr)^ 



uniformly for y ^ cr ^ 2, where 

bj^2 := / /i"(M)(logu)^"idu. 



/o 
In particular bi 2 = 2. 
Proof From Lemma 4.4 and (3.8), we deduce easily that 

M.«> = E ^M^ 



p^ \a^/^ log a 
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Similarly to (4.10), we can prove that 



ct1/2<p^j/ 



h"{<T/p) _ 1 f Y- b, 

a\^(loga) 



p. 



E ^^ = i]ETfe7+«^(«^(-»)) 



by using (3.11), (3.12) and (4.8). Now the desired result follows from the prececding two 
estimates. 
Finally 

bi,2 ^ / h"(u)du+ / h"{u)du 

= h'{l-) - h'{l+) = h'{l-) - {h'{l-) - 2) = 2. 

This completes the proof. D 

Similarly (even more easily, since we only need an upper bound instead of an asymptotic 
formula), we can prove the following result. 

Lemma 4.6. Wc have 

(4.24) 0„(a,y)«l/(a"-iloga) (n = 3,4) 

uniformly for y ^ a ^ S. 



§ 5. Estimate of \E{k + iT,y)\ 

Lemma 5.1. For any S G (0, j), there are two absolute positive constants ci, C2 and a positive 
constant c^ ~ C3 (6) such that for all y ^ a ^ 3 we have 



(5.1) 



E{a + iT,y) 



E{<T,y) 
Proof. First we write 



1 if |t| sCci 0-1/2 log ^ ^j. i^i^yi/d-^ 

<; <{ e-c2rVk(ioga)^] -^ cicri/2ioga <C \t\ s; a, 



Ep{s) = - f {Dp{e)-^) 'sin^OAe 
"" Jo 



siT?e 



Z^^{Dp{0) 



_1n1-s 



ttVo {i-s){Dp{e)-^y 

Since {Dp{9)^^)' = 2p^^ sinS, after a simplification and an integration by parts it follows that 

Ep{s)= . ^ ^. / Dpiey-^co^ede 

T^{S - 1) Jo 

= ,^ -,. {Dp{eY-^-Dp{n~eY-^]coseAe. 



This implies that 

(5.2) 



Ep{s) 
Epia) 


= 


cr- 1 


e;{s) 

E;{<y) 


s- 1 
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with 



.77/2 

e;{s) :- / {Dp{ey-^ - Opin - ey-'}cose 

Jo 



d0. 



1° Gaseoia^/^ < \t\ s$ y^/'' 
Write 



e;{s)^ / Dpiey-^{i-Ap{ey-^}cosed0 

Jo 



with 



Ap{9) 



1 — 2p ^ cos ( 



1 + 2p-^cose+p-'^' 
It is clear that for all p, the function 9 h^ A.p{6) is increasing on [0, 7r/2]. It follows that 

^7r/4 

E;{a) ^ / Dp{dy-^{\ - Ap(0)"-i} cos^d^ 

"'0 



fTXJ^ 



^ { 1 - Ap(7r/4)'^-i } / Bp{eY~^ cos B AQ 
Jo 

for all p and ct ^ 1. This implies that 



(5.3) 



E;{a) Jo 



Dp{ey-^ cos0de 



< 



1 - Ap{TT/4) 



cr-1 



Similarly since the function 9 h^ Dp{6Y ^ co&O is decreasing on [0,7r/2] for all p and cr ^ 2, 
can deduce, via (5.3), that 



we 



(5.4) 



-^ r\p{eY-Uos9de 

Epi'^) J7r/4 



< 



l-Ap{7r/4y-^- 



From (5.3) and (5.4), we deduce that 

e;{s) 



E;icT) 



< 



l-Ap(7r/4)— !■ 



It is easy to verify that for all p ^ a ^ 2, we have 



aJ^ 



CT-l 



P P' 



CT-l 



, V2 1\""' , fx-l 



4p 



Combining these estimates with (5.2), we obte 



Ep{s) 
Ep{a) 



<C 



8p p 



Tl^U (^^^)- 



By multiplying this inequality for cr < p ^ \t\ (^ y) and the trivial inequality |i?p(s)| ^ \Ep{a') 
for the others p, we deduce, via the prime number theorem, that 

Eis,y) 



E{a,y) 



<C 



^^P| " H log|r|+4 Y^ 



logp 



t<p<|t|* 
< g-{l/5-4+o(l)}|r|'' 



<P^|t|'5 
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2° Case oiaa^^^loga «: \t\ «: a^/^ 
For p ^ (7^/^ ^ 2, wc can write 

r.7r/2 



Jo 



and 






(.7r/2 



7r/2 



(g2[(a-l)/p] cos ^ g-2[(.-l)/p] cos 6^ ^^^ q ^g 



E;{'y)\ = I {Dpiey-^ - Dpin - 9r-^}cos0de 
Jo 



From these, we deduce that 

e;{s) 



(5.5) 



sS <l + 



p2 gff/p 



E;{<y) 

where we have used the following facts 

f-7r/2 

g2[(^-l)/p]cos0^Qgg,jg,^gO-/p ^^j 



(2 < 0-1/2 ^ p <^ cr) 



7r/2 



g-2[(<T-l)/p]cose^Qgg,jg,^-^^ 



Inserting (5.5) into (5.2), for 2 ^ cr^''^ ^ p ^ a wc obtain 



Ep{s) 



Ep{a) 



< exp < — lo; 



€ 



s-1 



C 



a 



CT-1 

g-TV(2<T")+C<T/p"+Ce-''/P 



p2 gcr/p 



if 3 s; \t\ s^ 



4log(l+r^/<T^)+C<T/p^+Ce — /" if cr < \t\ < (7^/^ 



where C > is an absolute constant. 

Now by multiplying these inequalities for cr/(41ogcr) ^ p ^ (T/(21ogcr) and the trivial 
inequality |£^p(s)| ^ Ep{a) for the other p, we get 



E{s,y) 



E{a,y) 



^ exp < — 

< exp "I — 
^ exp 



V / T^ Ca C 

^ V2(t2 p2 cr/p 

T/(41ogCT)^p<<j/(2 1ogcr) ^ ^ 



16cr(logO')2 

2 



IOC 



IOC 

cr logcr 



C2T" 



if Cicr^/^ logcr ^ |r| ^ cr, and 

i?(s,2;) 



(5.6) 



^('T,y) 



^ exp 



^ 



exp 



cr (logcr) 



E 

ct/(4 log ct)<p<ct/(2 logo-) 
2 



Slogcr 
^exp{-C3|T|^} 
if cr ^ |t| ^ cr'^/''. This completes the proof. 



1, (. r^\ 


Ccr 
p2 


c 

ga/p 


-loc- ;°^1 

crlogcr 


} 
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§ 6. Proof of Theorem 3 

We follow the argument of Granville & Soundararajan [4] to prove Theorem 3. We shall 
divide the proof in several steps which are embodied in the following lemmas. 
The first one is a classic integration formula (see [4], page 1019). 

Lemma 6.1. Let c > 0, A > and N ef^. Then we have 

fO ifO<y<e-^^, 

I 1 if y ^ 1. 

The second one is an analogue for (3.6) and (3.7) of [4] (see also Lemma 3.1 of [20]). 
Lemma 6.2. Let t ^ 1, y ^ 2e* and < A ^ e^*. Then we have 

^ ' ^^^ 2^1 i,_,^ (e7i)2« As s ^ ^ '^^' 



(6.3) $(te-\y)-$(t,y)<— / , \Z , (. 



'2^^Jn-^oo {e^t?' As 



e — e 



Proof. Denote by lx{^) the characteristic function of the set X C fl. Then by Lemma 6.1 with 
A^ = 1 and c = k, we have 

Integrating over Q and interchanging the order of integrations yield 

^. N /■ f 1 r+'°° fL{l,g\uj);y)Ye^'~l , 1 , , , 

1 r^'°° £^(s, y) e^" - 1 , 

' ^ '^' ds. 



This proves the first inequality of (6.2). The second can be treated by noticing that 

l{weO:L(l,gh(c^):y)>(e7-At)2}(a') = l{t^eO:L(l,3S (c^);j/)>(eTt)2} (tij) 

+ ^{ojen:{e-it)^^L{l,g'3(Lj)-v)>(e-'->-t)^}i^) 

^ ..+.OC / L{l,g\coy,y) y e^^-l 
^2mJ,_,^ { {enf ) As2 ""'■ 

From (6.2), we can deduce 

^. A . ;.. X 1 r^'°° E{s,y) e^^-l , 1 r+'°^ E(s,y) e^" - 1 , 

.(.e-.)-.(,,),-y_ (^^;^ds-_y_ (^^;^ds 

1 r^-i^(^,^)e--l(^..._^-...^,^. 



2^*7«-.oo (eTt)2^ As2 
This completes the proof. D 
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Lemma 6.3. Let t ^ I, y ^ 2e* and < kA ^ 1. Then wc have 

1 r-Eis,y)e^^-l^^^ Ej^y) (^r^^^lo^ 



27ri 7«_,« (e'>'i)2« As^ K^/2^{e^ty'' 

Proof. First in view of (4.24) we write, for s = n + ir and \t\ ^ k. 



E{s, y) = exp <^ cfq + iaiT - -^t^ - i-^r^ + 0(o-4t'') 



and 





e^'-l If, * ^f . ^' 

■'1 -r 1 D f- \ 




AS"^ K [ K \ K^ 


Since cri 


= log t + -f, we have 




£;(s,y)e^«-l _ ^(K,y) ^_f,^/2^,2f i_ ,, 



(6-^02" As2 

with 



i?(T) := kA + K-2^2 ^ ^^^4 _^ ^2^6^ 



Now we integrate the last expression over \t\ ^ k to obtain 

where we have used the fact that the integrals involving [i/ k)t and (ia3/6)T^ vanish. 
On the other hand, using lemmas 4.5 and 4.6 we have 

e-(-2/2)r^ j^ ^ /^ f 1 + o (" exp I - i«:2^2 
/ e-(-/2)-^i?(r)dr « ^( kA + ^ + ^ + ^ ) 

Jk~ik V^\ « Cr2 CT^ cr2/ 

1 / , logK 



102 

Inserting these into (6.4), we obtain the desired result. D 

Lemma 6.4. het S and c^ be two constants determined by Lemma 5.1. Then we have 

^'■'^ L. ienr^ A.2 ^^««V^(e.t)-^- 

uniformly for t ^ 1,2/^ 2e*, k > 2 and < Ak ^ 1, where 

R, := A-^e-^-^^' + A-i(«/log«)i/2y-i/^ 

i?2 :- A«:(log k)1/2 + e-(-3/2)K^ + ^-i (^/ i^g «)i/2y-i/^ 
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Proof. We split the integral in (6.5) into two parts according to k ^ \t\ ^ y^/* or \t\ ^ y^'^ ■ 
Using Lemma 5.1 with cr = k and the inequality (e^" — l)/s^ <C 1/t^, the integral in (6.5) is 

^ E{n,y) fe---'-" , 1 



(e'>'i)2«AV K y^l\ 

which implies (6.5), in view of Lemma 4.5 with J = 1. 

Similarly we split the integral in (6.6) into four parts according to 

|t| < ciK^/^logK, ciK^/2logK< |t| s; K, K < |t| < y^/^ |r| ^ yi/'^. 

By Lemma 5.1 with a — k and the inequalities 

(e^^ - 1)/A.s < min{l, 1/(A|t|)}, 
(e^^* - e-2^*)/.s « min{A, 1/|t|}, 
the integral in (6.6) is, as before, 

^(«,y) 



<£ 



g(A«:i/2iog, + e-.-VA-V^/'), 



(e^i)2« 

which implies (6.6), as before. D 

Now we are ready to complete the proof of Theorem 3. Lemma 6.3 and (6.5) of Lemma 6.4 
give 

rR7^ 1 r^- g(g,y)e^--l ^ E{K,y) ,^ , ^,^,,, 



where 



^, ,^ log^ ^ ^^ ^ e'"-^"' + (k/ logK)i/2y-i/5 



K A 

Taking A = k^^ and noticing y ^ 2e* x k and 1/(5 > 4, we deduce 
(6.8) B! < i/e*- 

Combining (6.7) and (6.8) with (6.2), we obtain 

uniformly for i ^ 1, y ^ 2e* and < A ^ e^*. 

On the other hand, (6.3) of Lemma 6.2 and (6.6) of Lemma 6.4 imply 

*. A X *. X Ein.y) / „ ,1/. (K/logK)i/2 (fi;/logK)i/2\ 

<i>(ie-, y) - m, y) « ^rj^^. (A.(log .) V^ + U_i^ + ^^A^ j 

<< ^^?4^ f A.(log .) V2 + M^^i^) 

when y~^/(^*^K^^/^(logK)^^ ^ A ^ k^^. Since $(te^'^,2/) — ^{t,y) is a non-decreasing function 
of A, we deduce 

\ N / N E(K,y) /, ,, ,1/9 (K/logK)^/^ K(logK)^''^ 

(6.10) $(te-,y) - $(t,y) « ;-^^y%(A.(iog.)V2 ^ il-A^ + J-^l^ 
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uniformly for t ^ 1, y ^ 2e* and < A ^ e^*. Obviously the estimates (6.9) and (6.10) imply 
the desired result. This completes the proof of Theorem 3. D 

§ 7. Proof of Theorem 4 

Using Lemmas 4.1 and 4.5, we can write 



= exp <j (/)(k, y) - 2fi;(7 + log t) + 0(log k) 

exp \ «( 21og2 K -2\ogt + J2 n^'\j + 0.j{Rj{K,y)) 



On the other hand. Lemma 4.3 and (1-17) imply that 



2 log2 K + 2-1 + Y, TT^ + Oj{Rj{k, y)) = 2(logt + 7). 

,=1 y^^S'^) 



Combining these estimates, we can obtain 

Ei^i,y) 
KV27ro^(e''i)2« 



exp s — K 



t~J [^ogKy 'J J 



In view of (1.21), (4.2) and (4.15), we have bj^i — bjfi = aj. This completes the proof. D 



§ 8. Proof of Corollary 5 

We first prove an asymptotic developpment of K{t,y) in t. 

Lemma 8.1. For each integer J ^ 1, there are computable constants 70,71, ... ,7,/ such that 
the asymptotic formula 

( "' 

(8.1) «(t, y) = e*-''" 1 + E 7J + Oj{R*j{t, y)) 

^ 3=1 
holds uniformly for t ^ 1 and y ^ 2e*, wiere 

1 e*t 



R*Nit,y) 



tN+1 y logy- 



Further 7o is given by (1-24) and 71 = ^|^i 1 ^ 3:^2, i- 
Proof By Lemma 4.3 and (1.17), we have 

,7+1 ^ 

(8.2) 2 log t = 2 log2 K + J2 TT^ + Oj {Rj+i (k, y)), 
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where Rj{K,y) is defined as in (1.20). From (8.2), we easily deduce that 

t = (log n) Yl exp I ^(j^^ I exp { Oj (i? j+i (k, y)) } 

.7+1 f J+1 1 / /, \ ™3 > 

Developping the product, we get 

.7+1 L/ 



where 



t = (log n) I '^ — L + O, (i?^^, («:, y)) I , 
[^(log/«)J ^J 

jmi jrnj+l 

'■" ^n^ ^, (2mi)!!...(2mj+i)!! 



mi+2m2H h(7+l)mj+i=j 



imi iTOj 






(2mi)!!---(2m,-)!! 

mi+2m2H l-jmj=j 

Since 6q = 1 and b[ — 6i,i/2 = 70, the preceeding asymptotic formula can be written as 

"' b' 

^(logK)J 

where we have used the fact that K{t, y) x e* (see Lemma 2.3) and (log k)Rj+i(K, y) x R*j{t, y). 
With the help of (8.3), a simple recurrence argument shows that there are constants 7^ 
such that 

(8.4) t = \ogn + Y,^+Oj{R*j{t,y)). 

In fact taking J = in (8.3), we see that (8.4) holds for J = 0. Suppose that it holds for 
0, . . . , J— 1, i.e. 

J-3-1 , 
t = log«+ Y. ^+0{R*j_^_,{t,y)) (j=0,...,J-l), 

which is equivalent to 

(8.5) ,„g».i{l-g2Ll + o(^^lM)} 0^0 J-il 

This holds also for j — J if we use the convention: 

-1 
^ = and i?li(t,y):=l. 
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since logK ^ t + 0(1). Inserting it into (8.3), we easily see that (8.4) holds also for J. In 
particular we have 

Now (8.1) is an immediate consequence of (8.4) with 



/mi -,''".' 

mi+2m2H hJmj=j 

This completes the proof. D 

Now we are ready to prove Corollary 5. 
Using (8.5), we have 



(8.6) y^^^y^ i_yA 

^ ' ^(iog«)^ f^^p\ {-[ t 



o 



N 



where the p„ are constants. In particular we have pi = ai = I and p2 = 7o + '^2- 
Now Theorem 4, (8.1) and (8.6) imply the result of Corollary with 

i-i 
«i = Pi = 1, a*j = Pj + E 'yiPi--' 0' ^ 2). 



This completes the proof of Corollary 5. D 

§ 9. Proof of Theorem 2 

For each 77 e (0, ^), define 

H^(l;'?):-{/eH*(l):L(s,/)^0, se5}, 

where S := {s := a + ir : cr ^ 1 - 77, |r| ^ lOOfc''} U {s := cr + ir : cr > 1, t G K}, and 

H^(l;r;):=H^(l)\H+(l;ry). 

Then we have (see [10], (1.11)) 

(9.1) |H-(l;,7)|«,A:3i''. 

Our starting point in the proof of Theorem 2 is the evaluation of the moments of L(l, /). 
For this, we recall a particular case of Proposition 6.1 of [10]. 
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Lemma 9.1. Let rj e (0, ^) be fixed. There are two positive constants Ci — Ci{ri) {i ~ 4,5) 
such that 



(9.2) Y. ^fL{ljr = E{s) + 0,{e 



^-C4logfe/log2 k\ 

/eH+(l;,,) 

uniformly for 

(9.3) fc ^ 16, 2 I /c and \s\ ^ 2Tk 

with 

Tk := C5 log fc/(log2 k log3 k). 

Here E{s) is defined by (1.15). 

Let K{t,y) be the saddle-point determined by (1-17) and Kt :— K(t, oo). For k ^ 16,2 \ k, 
A > 0, A^ e N and i > 0, introduce the two integrals 

and 



/.(fc,t;A,iV):.^r 



S(s) /e^^-iy"^ ds 



Lemma 9.2. Let rj e (0, 2^] be fixed. Then we have 

(9.4) Fk (t) + On {k-'>'^) ^I^{k, t; A, N) < h (te^^^) + O^ (fc-^/^) , 

(9.5) $(t) sC /2(fc, t; A, iV) < $(te-^^) 

uniformly for fc ^ 16, 2 | /c, A > 0, A^ G N and t > 0. The implied constants depend on rj only. 
Proof. By exchanging the order of sonimation and by using Lemma 6.1 with c = Kt, we obtain 

Uf p+'°° /L(l,/)y/e^*-iy^ds 






^„„^^,_,^ ^ (eTi)2 y V ^■s y s 

/eH+(l:r,), L(l,/)^(e-'t)2 

In view of the second estimate of (1.7) and of (9.1), we reintroduce the missing forms 
h{k,t;X,N);^ J2 ^/+0( E ^/' 

fe-Hlil). LilJ)^ie-'tr /eHJxH+(l;^) 

> E a>/ + O (fc- 1+31" log fc). 

/eH-(l),L(l,/)>(e^t)' 

Clearly this implies the first inequality of (9.4), thanks to (1.6) and (1.7). 
Similarly, using Lemma 6.1 with c = Kt, we find 

Iiik,t;X,N)^ J2 ^f+ E ^/ 

/eH+(l;,,) /eH+(l:,,) 

L(l./)5!(eT-t)2 (e-'te~^''f^L(l,f)<(e-'tf 

/eH+(l;r,) 
L(l,/)^(e^te-^")2 

As before, we can easily show that the last sum is ^ Fk{te^^^) + 0{k^^/^). 

The estimates (9.5) can be proved in the same way as (6.2). D 
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Lemma 9.3. Let rj £ (0, 200] ^^ fixed and C4 be the positive constant given by Lemma 9.1. 
Then we have 

(9.6) 

E(Kt) + e~'^*('°s '^)/ '°S2 '^ / 1 + e^''* \ '^^ 



uiiiformJy for X > 0, N E N, k ^ 16, 2 \ k and t i^ T{k), where T{k) is given by (1.10). The 
impUed constant depends on rj only. 

Proof. By the definitions of /i and I2 , we can write 

h{k,t-\N)-h{k,t-\N) 

In order to estimate the last integral, we split it into two parts according to |t| ^ Tj, or |r| > T^. 
In view of (1.18), it is easy to see that Kt ^ Tk for t ^ T{k). Thus we may apply (9.2) of 
Lemma 9.1 for s = ki+it with \t\ < Tfe. Note that Ke^" - l)/(As)| < 1 + e^*** for s = Kt + it, 
which is easily seen by looking at the cases |As| ^ 1 and |As| > 1. The contribution of |t| ^ T^ 
to \h{k,t\\N) - l2{k,t;X,N)\ is 

Since Kt ^ Tk for t ^ T{k), we can apply (9.2) of Lemma 9.1 to write, for s — Kt + ir with 

reR, 

/6H+(1;,,) /6H+(1;,,) 

:^ 2£;(Kt) + C'(e-^''('°s'=)/'°S2fc). 
Thus the contribution of \t\ > Tk to \Ii{k, t; A, N) - hik, t; A, iV)| is 

£'(Kt) + e-=''('°s'=^)/i°S2fe f / 1 + e^''* \ ^^ dr 



(9^8, "" <'">"■ ^l"»^ *!'' 



S(Kt) + e-^''('°s'=)/i°S2fe ^1 + e^''* 



2N 

Ar(e'rt)2«t y ATfe^j ' 

Combining (9.7) and (9.8) yields to the required estimate. D 

End of the proof of Theorem 2 

For simplicity of notation, we write 

Ij -.^ I^{k,t;X,N) and 1+ -.^ Ij{k,te^^; X, N) (j==l,2). 

By using Lemma 9.2, we have 

Ffe(t)==;/i + o(fc-5/6) 

(9.9) ^ ^ 



s^ $(t) + |$(te-^") - $(t)| + 0(|/i - /2I + fc-5/6) 
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and 

(9.10) VI 1 2 I ; 

^ $(t) - |$(t) - $(te^")| + 0(|/+ - /2+I + fc-5/6). 
In view of (6.10) and Theorem 3, wc have 

|$(i)-$(te~^^)| <$(t){A7V«;t(logKt)^/^+e-("3/2)«?| 

for \N =^ e-K Take 

(9.11) A = e^^/Tfc and TV = [loga k]. 
Since T^ = e^C'^+i '°S3 fc+ac+iogcs^ j^ ^g g^sy to see that 

Inserting these estimates into the preceeding inequahty, a simple calculation shows that 

(9.12) |$(i) - $(te-^^)| ^ $(t){e*-^W-^(i/T(fc))i/2 + ©(e-'^^^'*)}, 

provided the constant C is suitably large, where cg = C6(f7, <5) is a positive constant. 
Similarly by using (6.10) with te^^ in place of i, we have 

|$(t) - $(te^^)| < $(te^^){A7V«;t,Aiv(logKt,Aiv)i/2 + e-('=-^/2)<^„ |^ 

Since for t ^ T{k) we have 

te^^ = i + 0((log2/c)^(log3/c)/logfc) and Kt^xN x 6**=^" x e*, 

the preceeding estimate can be writen as 

|$(f) - $(te^^)| s$ i$(ie^^){e*-^('=)-C'(^/2.(fc))i/2 ^ o(e-coe")} 

sc; i$(i){e*-^('^)-c(t/r(fc))i/2 + o(e--««")} 

+ i|$(t) - $(te^^)|{e*-^W-^(t/nfc))'''' + ©(e-^'"^'')}, 
from which we deduce that 

(9.13) |$(t) - $(te^^)| ^ $(i){e*-^W-^(i/T(fc))i/2 + 0(6"'=''^'*)}. 
By using Lemma 9.3 with te^^ in place of i, we have 

+ ,+ ^_-c.no..)/io.,. (i + e^-^--)^^iogr. 



1^1 ^2 I - - (g^^gAAr)2K,^.„ 



7V(e^te^^)2'*teAiv y AT, 



2Af 
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On the other hand, by using Theorem 3 and (1.25), it is easy to see that there is a positive 
constant c such that 

<^(te^N) X <5(t) - -^(^*) > g-^S'^V* -^ g-C9(logfc)/[(log2fc)^/2log3fe] 

for t ^ T{k). Thanks to Lemma 4.5, the previous estimate can be written as 
(9.14) |/+_/+|«$(i) U-^£ « Vy 



N\\ogKt^>.Nj V ^^fe / (logfc)'^' 

Similarly we can prove (even more easily) 

(9.15) |/i-/2|«$(t)/(logfc)^. 

Inserting (9.12) and (9.16) into (9.9) and (9.13) and (9.15) into (9.10), we obtain 

Fk{t) ^ '^{t){l + e*-^('=)-C'(^/y(fc))l/2 ^ o(g-C6e" ^ (logfc)-^)} 

and 

hit) > $(t){l - e*-^W-C'(^/y(^))l/2 ^ 0(g-C6e" ^ (logfc)-'^)}. 

This implies the first asymptotic formula of (1.13) by taking r\ = ^^ and (5=4. 

The second can be established similarly. This completes the proof of Theorem 2. D 

§ 10. Proof of Theorem 1 

The formula (1.9) is an immediate consequence of Theorem 2 and (1.25). 
Taking t = T{k) in (1.9), we find that 

no.l) g-c'i(iogfc)/{(iog2fc)^-'^iog3fe} ^ Fk(T(k)) <C e^'^=^(iog*:)/{(iog2'=)^''^iog3'=} 

where c'l and C2 are two positive constants. Clearly (10.1) and (1.8) imply (1.11). 

The related results on Gk{t) and Gk{T(k)) can be proved similarly. This completes the 
proof of Theorem 1. D 
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